Random first order transition theory is used to determine the role of attractive and repulsive interactions in the dynamics of supercooled liquids. Self-consistent phonon theory, an approximate mean field treatment consistent with random first order transition theory, is used to treat individual glassy configurations, while the liquid phase is treated using common liquid state approximations.
INTRODUCTION
Owing to their mutual repulsion, molecules in a dense supercooled liquid can only rearrange by performing an intricately correlated dance. The growing complexity of the cooperative motion as the liquid cools leads to the glass transition. In the deeply supercooled state, a sufficiently large number of molecules move in the cooperative activated events so that the dynamics can be predicted rather accurately from the mesoscale thermodynamics of the configurations. The microscopic theory of glasses based on random first order transitions quantitatively predicts 1 the typical relaxation time 2 , its distribution 3 and the size and geometry 4 of the independently rearranging regions using only the knowledge of the configurational entropy which can be obtained to reasonable accuracy from experiment 5, 6, 7, 8 .
Furthermore the random first order transition theory provides a route to calculate the relevant mesoscale configurational thermodynamics directly from the intermolecular forces.
The theory thus allows one to determine what features of the intermolecular forces are important for the configurational thermodynamics and therefore what determines microscopically the glassy dynamics. These topics are the focus of this paper.
Not unexpectedly the details of the repulsive forces are key. For glass physics a purely steric picture envisioning infinitely hard repulsion provides a good place to start, but, as
we shall see, a truly quantitative treatment must go further. Since the time of Rice 9 and Kirkwood 10 we have become used to the dominance of hardcore sterics in determining gross liquid structure. Alder and Wainwright's computer calculations 11 and Widom's 12 analytical treatment of freezing have made Newton's conjecture on the steric origin of crystals 13 a quantitatively useful paradigm. Likewise the random first order transition theory shows the configurational entropy density of a hard sphere system will fall with decreasing volume leading to slowing of the dynamics and eventually results in a glass transition.
The impenetrable hard sphere picture, we shall see, however, is not quite accurate enough to describe real molecular liquids in the supercooled regime. High-pressure experiments make this failing clear. Apart from a trivial multiplicative temperature scaling of the time scale, the dynamics of hard spheres must only depend on density. In the supercritical and ordinary temperature regime above the melting point studies of transport show that diffusion and rotational diffusion do indeed depend primarily on density for van der Waal's liquids. At constant volume the temperature dependence of transport coefficients is almost negligible 14 .
Such a weak temperature dependence at constant volume is not found in the glassy regime, in contrast. While the apparent activation energy for flow at the glass transition is smaller at constant volume than along lines of constant pressure, it is not negligible: the ratio of the constant volume and constant pressure activation energies is measured 15 to be about 1/2.
Developing an empirical scaling of transport in this regime has attracted attention, most notably in a series of works by Casalini and Roland 15, 16, 17, 18, 19 . The shape of the repulsive and attractive forces clearly must matter in the supercooled regime.
We will show how the random first order transition theory clarifies the origin of this isochoric temperature dependence of the relaxation rate. First it helps to recall that the validity of an essentially purely steric picture of gross liquid structure and of nonactivated transport under usual thermodynamic conditions can be explained by the existence of a small parameter: the ratio of a steepness length of the potential to the particle size itself.
Arguments from liquid state perturbation theory show structural quantities on the scale of the particle diameter can be obtained by a so-called "blip function" expansion 20, 21 . The blip function, measuring the deviation between the model impenetrable particles and real ones, is nonzero only near the turning point of molecular collisions and covers the range of a steepness length. The steepness length measures the range of distances a particle can penetrate with a typical thermal kinetic energy, and is the order of 1/10 the particle diameter. Since the steepness length is small on the particle size scale, treating the particles as impenetrable becomes a good approximation. Random first order transition theory shows that another small parameter involving lengths emerges in the supercooled regime: the Lindemann ratio characterizing the extent of the local caged motions.
In the supercooled regime, molecules spend most of their time vibrating about fiducial locations characterizing the aperiodic free energy maxima. These vibrations also cover a length about 1/10 of the particle spacing revealed by both neutron scattering experiments 22 and theoretical calculations 23, 24 .
The smallness of the Lindemann ratio ultimately explains the quantitative successes of random first order transition theory (which is an expansion about mean field theory) in predicting the universal patterns of fragility in structural glasses and supercooled liquids 25 .
The ratio between the Lindemann length and the steepness length is clearly, however, not particularly small. Because of this fact, the configurational entropy and the configurational heat capacity, which enter the supercooled dynamics, depend on volume and temperature jointly. This joint dependence explains the significant size of the isochoric activation energy for relaxation and transport.
To make these ideas clearer and more explicit in this paper we present detailed calculations of the configurational thermodynamics of the supercooled Lennard-Jones fluid using the tools provided by the random first order transition theory. These calculations are based on density functional 24, 26, 27 and self-consistent phonon approaches 23, 28 which can be justified by elegant replica methodology 29, 30, 31, 32, 33, 34, 35, 36 . Related theories have also recently appeared. 37, 38, 39, 40 In addition our calculations rely on reasonably clear, but somewhat uncontrolled, liquid state approximations like those commonly employed for liquids that are not particularly dense or highly supercooled. It will turn out these approximations reproduce quite well the laboratory observations on the pressure dependence of the glass transition of molecular liquids. While these approximations predict an ideal glass transition at low temperature and high density, in keeping with extrapolated data they cannot address the strict existence of an entropy crisis with controlled rigor. Fortunately taking an agnostic attitude towards that ideal transition does not impair the application of the present scheme to the currently accessible experimental regime. It appears to be impossible to reach the long time scales where corrections to the mean field configurational entropy should appear 25 . At the lowest density studied, the entropy crisis occurs in a temperature-density range that is close to the spinodal temperature for a liquid-gas transition. As suggested by Sastry 41 , there is the possibility of a temperature and density that is both the spinodal temperature-density and the entropy crisis temperature and density. We investigate this possibility using our theory.
The organization of the paper is as follows. We first describe the liquid state approximations we use to describe the overall thermodynamics of the dense liquid states. We then discuss how the self-consistent phonon calculations for a single aperiodic free energy minimum can be carried out for smooth repulsive forces. The configurational thermodynamic properties follow by subtraction. We then present the resulting predictions for the Kauzmann temperature, laboratory glass transition temperature, mean field dynamical transition temperature, and the laboratory crossover transition temperature as functions of density.
In the following section we compare the predictions starting from the intermolecular forces with the patterns of laboratory experiments. We show how the theory reproduces the known Casalini-Roland scaling of the dynamics over the measured range but suggests the possibility of observing deviations from their scaling if a broader thermodynamic range can be probed.
The theory also correctly predicts the ratio of isochoric and isobaric activation energies at the glass transition. We summarize our results in the conclusion.
THEORY Microscopic Theories of the Glass and Liquid
The universal features of the dynamics of supercooled liquids and glasses are explained by the random first order transition theory 2, 3, 30, 42 . At the mean field theory level the underlying microscopic framework provides a description of several characteristic transition temperatures that are expected in glassy systems. This theory predicts there is a temperature, T * A , at which a dynamic transition occurs, corresponding to the onset of activated motion in a liquid. At the mean field level, the mode coupling theory temperature T * M CT at which the density-density correlation function no longer decays 30 and coincides with T * A . We note, however, that phenomenological fits to mode coupling theory consistently give a lower temperature than the ab initio mean field predictions. At the mean field level there is also a temperature, T * K , which corresponds to an entropy crisis predicted long ago by Kauzmann 43 .
Random first order transition theory goes beyond mean field theories to analyze the creation of so-called "entropic droplets" which describe the nucleation of small regions containing a multiplicity of states in an aperiodic free energy minimum. These droplets arise as corrections to the mean field with a large ensemble of local minima of the mean field free energy functional for the inside of the droplet in an initial mean field solution. Their multiplicity corresponds to the "configurational entropy". The size of the critically rearranging droplet is thus determined by a balance of the configurational entropy and the free energy penalty required to create a surface between two distinct aperiodic structures.
Dynamic heterogeneities consistent with the mosaic structures arising from the entropic droplets predicted by random first order transition theory nearly twenty years ago have recently been observed directly in supercooled liquids 44, 45, 46 . More recently, random first order transition calculations have quantitatively predicted the magnitude of the barriers to reorganization of a mosaic region, as well as the fluctuations in barrier height from one region to another with using adjustable parameters 2 . The theory has also been applied to the diffusion of probe molecules in o-terphenyl 47 and to aging in structural glasses 48 , again in good agreement with observation. Of particular relevance to our work is the microscopic prediction of a typical relaxation time in the equilibrium supercooled liquid
We see the predictions conform to the well-known empirical relation known as the Vogel- A convenient mean field treatment of the localized phase of a random first order transition is provided by self-consistent phonon theory, which envisions the atoms in a glass vibrating about fiducial sites in an effective potential due to the other atoms. The effective vibrational frequency is calculated self-consistently as a function of density. For the hard sphere glass there exists a mean field dynamical transition density ρ A below which the only solution to the self-consistent equations is a vibrational frequency of zero, corresponding to a mobile liquid where the dynamics are essentially those of a renormalized gas; above this density a new, non-zero, frequency appears. For short times, the system is therefore dynamically a solid and corresponds to a glassy local minimum in the free energy. The difference F glass −F liquid ≡ T S c is accounted for by the configurational entropy of configurations. At a high enough density the entropy is predicted by the mean field theory to no longer to be extensive. The limit T c is the temperature at which a complete transition from collisional to activated transport will be noticed. As a consequence of the universality of the crossover entropy, the relaxation time at the crossover is predicted to be universal, as indeed is observed 4 .
Originally developed by Fixman to study periodic crystalline solids 28 , self-consistent phonon theory was used long ago by Stoessel and Wolynes 23 to calculate ρ A in a monatomic hard sphere glass. More recently, Hall and Wolynes 52 used this approach to study a model of a network glass in which the are both steric repulsions and athermal bonding constraints.
Those calculations predict the well-known decrease in fragility with increasing connectivity empirically observed in mixtures of network formers. We see that the mean field random first order transition theory based on self-consistent phonon ideas is not restricted to hard sphere potential functions and can therefore be applied directly to the Lennard-Jones glass.
Microscopic treatments of liquids traditionally take the view that because the structure of the liquid is dominated by repulsive forces, a good approach is to develop perturbation theories based on a hard sphere reference system. The main issue is to find the optimal parameters for the reference system. At densities less than the glass transition density, such approaches provide reasonably accurate overall thermodynamics but at the higher densities accompanying the glass transition, less has been explored about the accuracy of the different perturbation approaches. In light of the similarity between the "blip" and Lindemann length scales because we lack a non-perturbative approach to the Lennard-Jones liquid, it is necessary to examine two related but distinct detailed perturbation theories to treat the liquid state thermodynamics. For consistency, we also employ a perturbative self-consistent phonon theory. We now discuss the perturbation theories for liquid and glass.
Liquid State Thermodynamics and the Potential
We carried out the calculations using two perturbation theories for the free energy of the Lennard-Jones liquid that relate the properties of the Lennard-Jones system to the purely steric hard sphere system. The first perturbation approach separates the potential along the lines of the well-known Weeks-Chandler-Andersen (WCA) approximation 20, 21 . This approximation is often used to treat molecular liquids much above the melting point. A second approximation, known to be more accurate for high density fluids, was developed by Kang, Ree, and Ree (KRR) 53, 54 . In both schemes, the pair-potential for the system is written as a sum of an attractive and a repulsive term:
where v HS is a hard-sphere potential whose diameter d is determined by
With either separation the Helmholtz free energy is obtained by adding a first order perturbation to the free energy of the corresponding hard sphere system:
The pair correlation can also be obtained:
where y HS is the cavity distribution. The pressure can be obtained by numerical differentiating the free energy:
The specific separation of the Lennard-Jones potential
due to WCA breaks the potential at its minimum
The KRR separation uses an optimized but density dependent cutoff for separating the
where
. By design, the KRR separation reduces to the WCA separation at sufficiently low density. For the remainder of this paper, we use units where
For liquids above the melting point, g HS and y HS are well described by the Percus-Yevick approximation. For the high densities considered in this work, it is necessary to employ a more accurate modification of these pair functions similar to that made by Verlet and Weis. The Verlet-Weis correction improves the behavior of g(r) near contact and removes oscillations in g(r) for large r. We follow the procedures of Robles and López de Haro 55 and
Verlet and Weis 56 . First, for r ≥ d, we write g(r) as
the Percus-Yevick hard-sphere g(r), and B and µ are to be determined. g(r) has structure extending for several σ at the low temperatures and high densities studied in this work. Therefore, we used the analytical form of Smith and Henderson 57 to generate values for g P Y (r) out to 8 σ.
For r < d, we follow WCA 21 and extrapolate ln δg(r) quadratically about r = d:
leading to
Eqn. 21 is used in Eqn. 9 to determine the hard-sphere diameter d.
B is determined by the value of g(r) at contact, through the pressure equation:
where Z is the compressibility factor, which is determined given an equation of state. Thus,
given an equation of state B can be found. µ is determined by requiring consistency with the compressibility equation:
= ∂ηZ ∂η
or
with
Thus, given an expression for Z, χ can be found. Therefore one also finds expressions for B and µ. We have investigated the thermodynamics that follows from three different approximations for the compressibility factor of the steric system. These are first, the Carnahan-Starling expression 58 for Z
second, a high density expression for Z, due to Mulero, Galán, and Cuadros
−0.11923s 6 + 0.00954s
and finally the Salsburg-Wood 60 expression
with the random closed packed density, ρ * δf , we used δf = 0 for Z CS , δf = +.073 N k B for Z M GC , and δf = +0.413 N k B for Z SW .
The expressions for Z also give the free energy for the liquid via
Thermodynamics of a Single Glassy Configuration
We use self-consistent phonon theory to describe the free energy of an individual glassy configuration 23, 28 . This theory relies on the fact that the time averaged density can be written as a sum of gaussians representing vibrations of atoms about fiducial sites:
In the present work, the force constants α i are all taken to be equal, but this approximation need not be made, if snapshots of liquid configurations are available. In the independent oscillator version of the theory, the effective interaction between two atoms is given by
Making a Taylor series expansion for the effective interaction, α is found self-consistently using the relation
where Ω is the volume of a cell containing an atom. α = 0 is always a solution to the In the present work, we found the Taylor series approximation convenient and therefore took the value for ρ * A ≡ ρ A σ 3 (= 1.025) without the Taylor series expansion as the value we used for ρ * A .
The free energy from the self-consistent phonon approximation is given by
where 
With this correction, the theory yields values of ρ * K ranging from 1.16 to 1.24, depending on the equation of state used to determine g(r). For comparison, using a liquid structure based density functional theory, Singh, Stoessel and Wolynes 24 found ρ * K = 1.14.
Pressure, Configurational Entropy, and Heat Capacities
Random first order transition theory identifies the configurational entropy with the difference between the free energies of the glass and the liquid. Thus, the configurational entropy
With the present liquid state approximation, the best fits of ∆f versus temperature were obtained using the function
∆C p and ∆C V were then be found by differentiation:
The fitting function has the flexibility to describe heat capacities that depend on temperature as either 1/T or 1/T 2 ; both functional dependencies have been suggested 68, 69 in empirical and model studies. Within the liquid state theoretic incarnation of random first order transition theory, we see that no physical significance can be ascribed to these fits such as "Gaussianity of the landscape" or inferences of "excitation" structure as in some picturesque models. The temperature dependence simply reflects the softening of the steric potentials with increased kinetic energy of the molecules.
The pressure can be evaluated by numerically differentiating the liquid free energy:
RESULTS FROM SIMULATIONS
To orient the reader to the present study, we first describe computer simulations of simple glasses which have previously been carried out. Computer simulations are often used to discuss the structure and dynamics of glassy materials. Yet, despite their widespread use, carrying out meaningful simulations of these systems is not easy. Direct studies are hindered by several factors. One difficulty is the need to avoid crystallization. The other challenge is to reach the very long time scales consistent with laboratory experiments (microsecond to seconds). So far this has never been done. For monatomic glasses, even on a short time scale avoiding crystallization is extremely difficult. This is one of the reasons binary LennardJones mixtures have become popular choices for simulation. When crystallization is avoided it is still important to recognize that T g depends on cooling rate, albeit logarithmically. It is important to recognize that the stability limit computed from self-consistent phonon theory corresponds to a strictly mean field mode coupling limit. A . Thus, they argue that when fractal or string excitations are allowed in random first order transition dynamics, the true stability limit of an aperiodic structure is suppressed below its mean field estimate. The crossover to activated dynamics in their analysis occurs at a configurational entropy value of S c /N k B = 1.28, according to the simpler estimates based on percolation. We designate this crossover temperature as T * c and compute it as well as the mean field T * A . Its value at p = 0.0 is T * c = 0.35. This crossover temperature agrees better with the fits of mode coupling phenomenology to simulation. Table 1 gives the values of ∆C V /N k B at T * g and Table 2 gives the values of We investigated the conjectures that ∆C p = k/T and ∆C p = k /T 2 that are often used in fitting laboratory data. The constants were chosen so that the fits agreed with the calculated data at the temperature T * g . The results of the fits are shown in Figure 11 . It is clear that neither of these fitting functions accurately represents the calculated heat capacity, though the 1/T * 2 fit is accurate to about 10% above T * g except at temperatures close to T * A . Conversely, the 1/T * fit is better at temperatures below the glass transition temperature and can be used determine 
Using the random first order transition theory expressions one finds
As always, the temperature T g to be used in these expressions depends on the time scale of the experiment. Casalini and Roland evaluate the fragility at a temperature at which the ratio equal to 1.9 for salol, 1.4 for propylene carbonate, 2.3 for 1,1'-di(4-methoxy-5-methylphenyl)cyclohexane, 1.9 for phenolphthalein-dimethyl-ether, 1.9 for cresolphthaleindimethyl-ether, and 2.6 for PCB62, a chlorinated biphenyl.
The Sastry crossing of transitions occurs at low densities where we do not expect the Z SW to be accurate. Therefore our search for the Sastry density employed the equations of state with Z CS and Z M GC only. We expect the Carnahan-Starling equation of state to be the more reliable one at these lower densities. p * spinodal and T * spinodal were determined by locating the temperature at which the pressure as a function of temperature was a minimum at a fixed density. Figure 15 Random first order transition theory is thus able to explain a variety of interrelated features of glasses that are directly related to the intermolecular forces, including explaining the density-temperature scalings highlighted by Casalini and Roland and the low density behavior described by Sastry. The small, but not absent, dependence of the fragility on density seen in experiment is reproduced by the theory and the ratio of the isobaric to isochoric fragilities is also in reasonably good agreement with experiment.
The strategy we employ here also provides a route to quantify glassy characteristics of complex polyatomic molecular fluids. Molecular liquid theory provides expressions for the equations of state for polyatomic fluids that can be combined with self-consistent phonon theory to extend the present treatment to many of the specific molecular liquids commonly studied in the laboratory. K as a function of density using Z M GC for the modified (λ = a(ρ)) KRR and WCA separations. T * m , the melting temperture 84 (filled squares) and T * g,sim , the glass transition temperature at the simulation time scale 78 (filled circles) are also shown. 
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